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Introduction
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What's Agreement?

Agreement
It is mainly aimed to answer one question, whether the reading
from one rater/instrument agree with those from other

raters/instruments.
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What's Agreement?

Agreement
It is mainly aimed to answer one question, whether the reading
from one rater/instrument agree with those from other

raters/instruments.

» Compare several laboratory results collected in various labs.

» Evaluate the performance between two medical devices.

> Find out if new/old methods are interchangeable.
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What's Agreement?
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What's Agreement?
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Perfect Agreed
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What's Agreement?

id X Y

1 115 1.23 « Yin(Xi - )’
2 1.90 2.03

+ oes 20l e var(X)/var(Y) =1
4 270 2.75 o B(X)=E(Y)
5 3.68 2.98

6 3.85 4.37 * pxy

7 399 3.87 e Paired t-test
8 420 431

0 585 647 ¢ Xi=Y7?

10 6.42 6.64




X=Y
Scale shift 4 Location shift ’
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Location and
scale shift

Pearson Correlation Coefficient Failed




Paired t-test is misleading
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Some Statistics

X and Y are assumed to have a bivariate distribution with mean 1, and p,,
variances 02 and o2, and covariance o,,.
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Some Statistics

X and Y are assumed to have a bivariate distribution with mean 1, and p,,
variances 02 and o2, and covariance o,,.

Mean Square Deviation
MSD = E(X —Y)? = (o — p1y)° + 02 + 05 — 204y

Precision Coefficient

p=—2
OOy
Accuracy Coefficient
2
Xo = ¥ 1/ + v?

which can be decomposed into two parts, location shift v = ‘\‘/%,

and scale shift @ = 7% or 2=,
€T

9y



Accuracy Coefficient

> If py = py and o2 zaz, Xa =1,

> If one of the variance approach infinity or
there is a huge difference in means,
Xa — 0.
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Concordance Correlation Coefficient (CCC)

Concordance correlation coefficient is another measure for comparing the

differences between two variables proposed by Lin [10].

CCC

Expected squared perpendicular deviation from 45°line

CCC = 1-
Expected squared perpendicular deviation from 45°line
when X and Y are uncorrelated
_ E(X-Y)?
E(X —Y)2|,—0
204y

(He — py)* + 03 + 0

[10] L. Lin, A concordance correlation coefficient to evaluate reproducibility,
Biometrics, 45(1):255, 1989.
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Concordance Correlation Coefficient (CCC)

E(X -Y)? 20,
CCC=1- = y
E(X -Y)?p=0 (e —py)?+02+02

[10] L. Lin, A concordance correlation coefficient to evaluate reproducibility,
Biometrics, 45(1):255, 1989.
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Concordance Correlation Coefficient (CCC)

E(X -Y)? 20y

E(X =Y)?[=0 (b — py)? + 02 + o

CCC=1-

2
E(fi‘? is the ratio of the mean square of within-sample total deviation
E(X-Y)?|p=0
and the total deviation.
» CCC is a standardization of MSD, which indicates whether these two vectors
of observations are agreed along the concordance line.
» CCC can be written as the product of the accuracy and the precision

coefficients CCC = p- xq.

[10] L. Lin, A concordance correlation coefficient to evaluate reproducibility,

Biometrics, 45(1):255, 1989.
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Concordance Correlation Coefficient (CCC)

E(X -Y)? 20,
CCC=1- = y
E(X -Y)?p=0 (e —py)?+02+02

» CCC take the range from —1 to 1.

> 1 means perfect agreement, —1 means perfect reverse agreement, and 0
means totally uncorrelated (o, = 0).

> CCC==lifand only if p==%1, 0, = oy, and pe = py.

[10] L. Lin, A concordance correlation coefficient to evaluate reproducibility,
Biometrics, 45(1):255, 1989.
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Agreement for Linear Mixed Models
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Linear Additive Mixed Effects Model

Model [8]
Yijt = b+ X550 + B + i + vij + €451
Rater/Instrument ()

Replication (I)  Replication ()  Replication ()
A A [ | [ | ¢ ¢
A A [ | | ¢ ¢
A A | u ¢ ¢

Subject i | A A | | ¢ ¢
A A [ [ ¢ ¢
A A [ | | ¢ ¢
A A | u ¢ ¢

[8] L. Lin, A.S. Hedayat, and W. Wu, A unified approach for assessing agreement for

continuous and categorical data, Journal of biopharmaceutical statistics, 17(4):629, 2007.
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Linear Additive Mixed Effects Model

Model [8]

Yiji = 1+ X550 + B; + i + vij + €ijt

© W is the overall mean;

o Xj; is the p x 1 design vector for p x 1 covariate coefficients 8;

<

B; is the fixed inter-rater effect;

o oy is the random subject effect with mean 0 and variance o2;

<

~ij is the random subject-rater interaction effect with mean 0 and variance 03;

€ij1 is the random error with mean 0 and variance Uf.

O

[8] L. Lin, A.S. Hedayat, and W. Wu, A unified approach for assessing agreement for

continuous and categorical data, Journal of biopharmaceutical statistics, 17(4):629, 2007.
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Linear Additive Mixed Effects Model

Model [8]
Yijt = g+ X550 + B + o + vij + €5
© W is the ov
. The fixed inter-rater effect 3; can be
o Xj; is the D
. .| included in the covariates .
o fj is the fi

& oy is the random subject effect with mean 0 and variance o2;

<

vi; is the random subject-rater interaction effect with mean 0 and variance 03;

&

€ij1 is the random error with mean 0 and variance af.

[8] L. Lin, A.S. Hedayat, and W. Wu, A unified approach for assessing agreement for

continuous and categorical data, Journal of biopharmaceutical statistics, 17(4):629, 2007.



Assessment of Agreement | Agreement for Linear Mixed Models | Statistics

Linear Additive Mixed Effects Model

Model (Updated)

Yijl = 1+ Xéjﬁ + o + Yij + €t

o 9 = (B1,B2,...,5%k,0") and X;; is the corresponding design matrix;
o 1 is the index of subjects, i =1,2,...,n.
o j is the index of raters, j =1,2,..., k.

o [ is the index of replications for each subject and rater, [ = 1,2,...,m;;.
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Intra-, Inter-, and Total-Rater Agreement

Rater/Instrument ()
Replication (I) Replication (I) Replication (1)
A | ¢ ¢

Subject 4

> > > > > > >
® S & & oo

> > > > > >
® & & o oo

Intra-rater Agreement
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Intra-, Inter-, and Total-Rater Agreement

Rater/Instrument ()
Replication (I) Replication (I) Replication (1)
A u ¢ ¢

Subject 4

> > > > > > >
® & & o oo

> > > > > >
® & & o oo

Intra-rater Agreement
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Intra-, Inter-, and Total-Rater Agreement

Rater/Instrument ()
Replication (I) Replication (I) Replication (1)
A | ¢ ¢

Subject 4

> > > > > > >

> > > > > >
® & & & oo
® & & & oo

Intra-rater Agreement



Intra-, Inter-, and Total-Rater Agreement

Rater/Instrument ()
Replication (1) Replication (I) Replication (1)
A | ¢ ¢

Subject 4

> > > > > > >

® & & & oo

> > > > > >
® & & o oo

Inter-rater Agreement



Intra-, Inter-, and Total-Rater Agreement

Rater/Instrument ()
Replication (1) Replication (I) Replication (1)
A | ¢ ¢

Subject 4

> > > > > > >

® & & oo

> > > > > >
® & & & o

Total-rater Agreement
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Intra-, Inter-, and Total-Rater Agreement

Individual Agreement Statistics

For given subject 4, and rater j.

Intra-rater Agreement Statistics

MSDintrali, i =  E(yiji — yijir)”

= (X9 —X};9)° +2(0a + 05 +02) — 2(05 + 07)

= 2062

E(yiji — yiji)’ a+os
CCCintrald,j = 1-— (g yjlz) = 2(7 +207 2
E(yiji — yiji)?lp=0 03 + 02 + 02
.. Ui —i—ag
pintra|17] =

0% + 02 4 o2

Xa,intra|i:j = 1
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Intra-, Inter-, and Total-Rater Agreement

Individual Agreement Statistics

For given subject 4, and any two raters j and j', 7,5 ' =1,2,...,k,j # 7.

where Axijj’ = (x”

CCCinter‘iaj»jl

Pinter‘ivjvj/

.
Xa,inter‘%]».]

— X/

Inter-rater Agreement Statistics
MSDinter‘iaj»jl

2
E(@ij- —Gijr-)" = 2(19 AX%JJ"‘9+JW + L )
Meijj
1_ E(5ij - 3’ )2
E(Yij- — Uiy )2|p 0
Ua
¥ Axijjr9 + 02 + 02 + 02 /my;y
o8

03 + 02 4+ 02 /my;;
2 2 2
0o+ 05+ 07 myj
/
9 Axijj/'ﬁ + 03 + U’QY + U?/mijj’

)(Xij —Xij0)' /2, and myj5 = 2migmage [ (mag +magn)
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Intra-, Inter-, and Total-Rater Agreement

Individual Agreement Statistics

For given subject 4, and any two raters j and j', 7,5 ' =1,2,...,k,j # 7.

Total-rater Agreement Statistics
MSDiotali, j, i = Eyiji — yijrr)? = 2(0'Axijjrd + 05 + 07)

E(yiji — yijr)?

Ly
CCCotallt, 5,5 = 1-— E(yijl _yij’l’)2|p=0
94
T Ay, 9+ 02 + 02 + 02
94

Y
Ptotal‘l 257
7 03 + 02 4 o2

2 2 2
0o + 05+ 0¢

¥ A9 + 0% + 02 + o2

.
Xa,total‘%]».]

Where Axijj’ = (Xz] — xij/)(xz’j — Xij/)'/2, and mijj/ = 2mz]m”//(mz] +mij/)
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Overall Agreement Statistics

e Barnhart, et al. [1] generalized the individual CCC to an overall CCC using
Overall CCC =1 —

ko

EY ¥ (%i-v)

i=1 j=it1
5|
i

=13j

k
> (Y —Y;)?|Yq,. .., Y, are uncorrelated]
=it1

[1] H.X. Barnhart, M. Haber, and J. Song, Overall concordance correlation coefficient

for evaluating agreement among multiple observers, Biometrics, 58(4):1020-1027, 2002.
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Overall Agreement Statistics

e Barnhart, et al. [1] generalized the individual CCC to an overall CCC using

k=1 k )
E > (Yi-Y;)
i=1 j=it1

Overall CCC =1 —

ko

—1

=1

k
E[ > (Y —Y;)?|Yq,. .., Y, are uncorrelated]
i =it1

e |t turned out to be a weighted mean of pairwise CCCs. The weight £ for a
pair of observations X and Y is £ = E(X — Y)?|—o.

[1] H.X. Barnhart, M. Haber, and J. Song, Overall concordance correlation coefficient

for evaluating agreement among multiple observers, Biometrics, 58(4):1020-1027, 2002.
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Overall Agreement Statistics

e Barnhart, et al. [1] generalized the individual CCC to an overall CCC using

EY ¥ (%i-v)

i=1 j=it1

Overall CCC =1 —

ko

—1

=1

k
E[ > (Y —Y;)?|Yq,. .., Y, are uncorrelated]
i =it1

e |t turned out to be a weighted mean of pairwise CCCs. The weight £ for a
pair of observations X and Y is £ = E(X — Y)?|—o.

e |t penalizes the pairs of observations which have higher variances and larger

mean differences.

[1] H.X. Barnhart, M. Haber, and J. Song, Overall concordance correlation coefficient

for evaluating agreement among multiple observers, Biometrics, 58(4):1020-1027, 2002.
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Overall Agreement Statistics

e Barnhart, et al. [1] generalized the individual CCC to an overall CCC using

EY ¥ (%i-v)

i=1 j=it1

Overall CCC =1 —

ko

—1

=1

k
E[ > (Y —Y;)?|Yq,. .., Y, are uncorrelated]
i =it1

e |t turned out to be a weighted mean of pairwise CCCs. The weight £ for a
pair of observations X and Y is £ = E(X — Y)?|—o.

e |t penalizes the pairs of observations which have higher variances and larger
mean differences.
e Hence,
Enter|t, 4,5 = 2(19/Axij]-/19 +o2 + 03 + U?/mijj/)
Eotalli o7 = 2(9'Axigyd + 0o + 05+ 07)

[1] H.X. Barnhart, M. Haber, and J. Song, Overall concordance correlation coefficient

for evaluating agreement among multiple observers, Biometrics, 58(4):1020-1027, 2002.
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Overall Agreement Statistics

Selected Overall Agreement Statistics
2
o
CCG; = =
inter ¥ AxI + 02 + 02 + 02/m
2
g,
CCC = =
total O'AxO + 02 + 02 + 02
oa
Pinter OAxI + 02 + 02 + 02 /m
L2 Y O A (08 + 0 + 07 [miyr)
nk(k —1) ¥ AxY + 03 + 02 +02/m
_ B o2+ 0?, +a2/m
Xajinter = Y AxY + 02 + 02 +02/m
. fo + 03 + af
Xa,total AL + o2+ 0'% e
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Overall Agreement Statistics

Selected Overall Agreement Statistics
2
o
CCG; =
inter ¥ AxI + 02 + 02 + 02/m
2
g,
CCC = =
total O'AxO + 02 + 02 + 02
. o
Pinter OAxI + 02 + 02 + 02 /m
L2 Y O A (08 + 0 + 07 [miyr)
nk(k —1) ¥ AxY + 03 + 02 +02/m
o2+ 0?, +a2/m
Xa,inter =

Y AxY + 02 + 02 +02/m
fo -|—0',27 + af

k—1 k
Xa,total = 7 o Ax=> 10 S (X —
’ ¥ Ax9 2 402402 p=1 Luj=1 £l =5+11707
xU+ 06 + o5+ o Xi;0)(Xij — Xi0)! fnk(k = 1),

where

© m is the harmonic mean of m;;;'s.




Assessment of Agreement | Agreement for Linear Mixed Models | Statistics

Restricted Agreement Statistics

> All the (overall) agreement statistics are functions of 9, 0., 0., and o..

> A= S (i — X ) (Xey — Xig)' k(K — 1).
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Restricted Agreement Statistics

> All the (overall) agreement statistics are functions of 9, 0., 0., and o..

> A= S (i — X ) (Xey — Xig)' k(K — 1).

Model

Yiji = 1+ X590 + @i + vij + €1

o ¥ = (B1,B2,...,Pk,0") and X;; is the corresponding design matrix, which
includes covariate matrix Xj;.
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Restricted Agreement Statistics

> All the (overall) agreement statistics are functions of 9, 0., 0., and o..

> Ax = ST S (¢ — X)) (g — Xaj)! [mk(k — 1).

Model

Yiji = 1+ X590 + @i + vij + €1

o ¥ = (B1,B2,...,Pk,0") and X;; is the corresponding design matrix, which

includes covariate matrix X5;.

In many cases, one may not be interested in the covariates, but the inter- and
total-rater effects or variabilities. Therefore, we eliminate the covariate effects in

the computation of Ax by assuming X;; = 0 (or = X{) in the X;;.
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Estimations

Rewrite the model in vector form,

y:X,8+Z1a—|—Zg’y—|—Zoe

with

Y11

Y12
a1
o Y1k
2

1%
o = 9 = Y21 s =
Y B ( 19>

(670

Yij

Ynk



Estimations

Fixed Effects
B=XV'X)X'Vy

Asymptotic variance matrix is

Vs =var(8) = (X'V'X)~
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Estimations

Fixed Effects
B=XV'X)X'Vy
Asymptotic variance matrix is
Vg =var(B) = (X'V'X)~
Variance Components
Restricted maximum likelihood (REML) is used.

Let N = > m;;, and K be an N x (N — p + 1) matrix with rank
N—-—p+1, K'X =0.
tr(Z{PZoZ\PZy) tr(Z4PZ1Z{PZoy) tr(Z{PZ22Z5PZ) o2 y' PZyZ{ Py
tr(Z1PZoZ\PZ1) tr(Z{PZ1Z{PZy) tr(Z{PZ2Z5PZy) o2 = y' PZ1Z} Py
tr(Z4PZoZ\PZy) tr(Z4PZ1Z{PZy) tr(Z5PZyZ5PZy) 3 y' PZyZ, Py

where

P=v ! _vIX(X'vIixX)"X'Vv! = K(K'VK) 'K’
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Asymptotic Variances of Variance Components
With Normality

[ With Normality

The estimated variance of variance components can be calculated from the
. . . . . !/
second derivatives of the log likelihood function. Let ¢ = (02,02,02),

tr(PZ1Z{PZoZ)) tr(PZ1Z{PZ1Z7) tr(PZ1Z{PZ32})

o2 tr(PZoZ\PZoZ2)) tr(PZ0Z{PZ1Z7) tr(PZoZ\,PZ22}) -1
Ve = var i =2
2 tr(PZoZ4PZoZ)) tr(PZyZ5PZ1ZY) tr(PZyZyPZy2})
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Without Normality

Richardson and Welsh [12]

For hierarchical models, observations y can be partitioned into g vectors y; so

that V is block diagonal with g blocks V;. Each Z,;Z; is also block diagonal, we

denote the jth diagonal block as [Z;Z]];.

Assume some mild conditions hold, there is a solution ¢ = (orf7 o2, 03)' of the

estimating equations satisfying |¢ — ¢| = O,(N~'/?) as N — co. Moreover,
NY2( —¢) —2— N(0,GT'FG™Y),

where the elements of G and F' can be estimated by,

9
(2Nt > ““(V'il[Zi71Z2—1]jVj71[Zk—lzl,c—ﬂj)

[&ik g

j=1

g
(aN)™t > {[(yj - XjB)/Vj_l[Ziflz-ﬁfl]jvj_l(yj - X;B)(y; — Xjﬁ)/f/j_l
i=t

[Flip

X [Zk—12Z4 1)V s — X,8)] - tT(‘7j_1[ZiflZifllj)tr(f/j_l[Zkflzllc—l]]‘)}

[12] A.M. Richardson and A.H. Welsh, Asymptotic properties of restricted maximum
likelihood (reml) estimates for hierarchical mixed linear models, Australian & New Zealand

Journal of Statistics, 36(1):31-43, 1994.
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Asymptotic Properties of Agreement Statistics

o Let 7 = (9,¢),
Vo O

V,=N-
0

[12] A.M. Richardson and A.H. Welsh, Asymptotic properties of restricted maximum
likelihood (reml) estimates for hierarchical mixed linear models, Australian & New Zealand
Journal of Statistics, 36(1):31-43, 1994.
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Asymptotic Properties of Agreement Statistics

o Let 7 = (9,¢),
v (Ve 0
0
e From Richardson and Welsh [12], we know that

NY2(# — 1) —2 5 N(0,V7)

[12] A.M. Richardson and A.H. Welsh, Asymptotic properties of restricted maximum
likelihood (reml) estimates for hierarchical mixed linear models, Australian & New Zealand
Journal of Statistics, 36(1):31-43, 1994.
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Asymptotic Properties of Agreement Statistics

vo_n. (Ve O
0 W

e From Richardson and Welsh [12], we know that

o Let 7 = (9,¢),

NY2(# — 1) —2 5 N(0,V7)

e Delta method is used to obtain the asymptotic normality for all

agreement statistics.
N'2(f(#) = f(1)) —2— N(0, 9f(r)' VoV f(7))

where f(-) can be any agreement functions.

[12] A.M. Richardson and A.H. Welsh, Asymptotic properties of restricted maximum
likelihood (reml) estimates for hierarchical mixed linear models, Australian & New Zealand

Journal of Statistics, 36(1):31-43, 1994.



For example

var(CCCinter) =

—2AxY —2AxY
(19’Ax19+a'&+aal,+a€ /m)? (19’A,(19-&-0'a-Q—cr,y-ﬁ—a€ /m)

—1/m —1/m
(¥ Ax9+02 +o‘ +02/m) (9 Ax9+02 +u‘ +02/m)
0’ Ax19+a +02/m 0’ Ax19+a +02/m
(9 Ax9+02 +0 +o02/m)? (19’Ax19+0'~ +0+a/m)

(19’Ax19+o'~ +o‘~ +o‘/7n)~ (9 Ax9+0c2 +o‘ +o‘/'m)~
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Simulations

Normal Data with Covariates and 10% Missing Values

o The following formula was used to generate data.
Yijt = p+zi+ B +ou+ v + e
1=1,2,...,200, 7=1,2,3, I =1,2.
& where Tij = In(z) SIS In(]), n= 10, 51 =0. ,32 = -1, ,33 = —2.

¢ aj, vi; and €55 were independently normally distributed with mean zeros and
variances 02 = 1, (7,2Y =0.5% and 02 = 0.1%.

© 10% randomly missing values was conducted.



Simulation Results for 1000 Runs
Mean(Est) Std(Est) Mean(Std) SIG(%)

MSD
CCC
Precision
Accuracy
MSD
CCC
Precision

Accuracy
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Simulations

Non-normal Skew Cases

o Gamma distribution with a small shape parameter was used for the skew case.
The data generating formula is
Yijt = B+ B+ ity + €
1=1,2,...,200, 7=1,2, [ =1,2.
o where p =10, 1 =0. f2 = —1.
¢ €i51 was normally distributed with mean zero and variance 062 =0.5%
© «a; and ;; were independently gamma distributed,

o; ~ Gamma(shape = 2,scale = 2/v/2)
~i; ~ Gamma(shape = 2, scale = 1/v/2)



Simulation Results for 1000 Runs
Mean(Est) Std(Est) Mean(Std) SIG(%)

MSD
CCC
Precision
Accuracy
MSD
CCC
Precision

Accuracy




Simulations

Non-linear Case

o Multivariate negative binomial data was generated using Gamma—Poisson

mixture with parameters r = 10 and p = 0.91.

o The dimensions were set as n = 50, k = 2, m = 2, and Pearson correlation

coefficient matrix for the four data series was

1 09 08 0.8
0.9 1 08 0.8
0.8 0.8 1 09
0.8 08 09 1

o After generating the multivariate negative binomial series, an additional
inter-rater effect B2 = 20 was added to the series of the second rater, in order

to make a between rater location shift.



Simulation Results for 1000 Runs

True Mean(Est) Std(Est) Mean(Std) SIG(%)
224.788 223.807
0.900 0.897
MSD 735.476 741.954 127.160 123.183
CCC 0.709 0.701 0.064 0.067
Precision 0.842 0.839 0.046 0.047

Accuracy 0.842 0.834 0.046 0.044
MSD 847.870 850.858 128.879 124.753
CCC 0.679 0.671 0.065 0.067
Precision 0.800 0.796 0.050 0.052
Accuracy 0.849 0.842 0.043 0.041
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Cardiac Function Measurements Case Study

e This example (Bowling, et al. [4]) was used to determine the limits of
agreement between left ventricular ejection fraction estimated by
impedance cardiography (IC) and radionuclide ventriculography (RV).

e Sixty measurements of cardiac ejection fraction by these two methods
were made on 12 patients, with unbalanced number of replicates per
patient.

[4] L.S. Bowling, W.S. Sageman, S.M. O'Connor, R. Cole, and D.E. Amundson, Lack
of agreement between measurement of ejection fraction by impedance cardiography versus

radionuclide ventriculography, Critical care medicine, 21(10):1523, 1993.
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Cardiac Outputs by RV and IC for 12 Patients
Patients Method Outputs
1 IC 657 562 690 657 635
RV 783 742 780 712 7.8
2 IC 406 420 426 4.00
RV 616 726 671 654
3 IC 471 550 508 502 60l 567
RV 475 524 486 478 605 542
4 IC 414 420 461 468 5.04
RV 421 361 372 387  3.02
5 IC 3.03 286 277 246 232 243
RV 313 298 285 317 300 3.12
6 IC 590 581 570 5.76
RV 592 642 592 6.7
7 IC 509 463 461 5.0
RV 713 662 658  6.93
8 IC 472 461 436 420 436  4.20
RV 454 481 511 529 539 557
9 IC 317 312 296
RV 448 492 397
10 IC 435 462 316 353 353
RV 422 465 474 444 450
11 IC 720 609 700 7.10 740 6.80
RV 678 607 652 642 641 576
12 IC 450 420 3.80 3.80 420 450
RV 506 472 490 480 490 5.10




Means of the Cardiac Outputs for each Subject with Error Bars

S
[
>
o
S
[
>
2
>
L
€
o
>
®
2
©
=]
o
2
k]
54
o

Impedance Cardiography (IC)




Assessment of Agreement | Agreement for Linear Mixed Models | Case Study

Cardiac Function Measurements Case Study

[ Estimated Agreement Statistics for Cardiac Outputs
Est Std 95% C.I.
Intra  CCC 0.932 0.024 (0.865,0.967)
Precision | 0.932 0.024 (0.865,0.967)
Inter  CCC 0.642 0.153  (0.245,0.855)
Precision | 0.716 0.141  (0.322,0.898)
Accuracy | 0.874 0.061 (0.700,0.954)
Total CCC 0.612 0.153  (0.229,0.830)
Precision | 0.695 0.149  (0.285,0.890)
Accuracy | 0.880 0.055 (0.724,0.953)
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o The intra-rater CCC estimate 0.932 indicates good agreement within each method.
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o The inter-rater CCC estimate 0.642 indicates worse agreement between these two
methods.



Cardiac Function Measurements Case Study

Estimated Agreement Statistics for Cardiac Outputs

Est Std 95% C.I.
Intra _ CCC 0.932 0.024 (0.865,0.967)
Precision | 0.932 0.024 (0.865,0.967)

Inter  CCC 0.642 0.153 (0.245,0.855)
Precision | 0.716  0.141  (0.322,0.898)
( )

( )

( )

( )

Accuracy | 0.874 0.061 0.700,0.954
Total CCC 0.612 0.153 0.229,0.830
Precision 0.695 0.149 0.285,0.890
Accuracy | 0.880 0.055 0.724,0.953

o The intra-rater CCC estimate 0.932 indicates good agreement within each method.

o The inter-rater CCC estimate 0.642 indicates worse agreement between these two
methods.

& Those low inter-rater agreement statistics values reveal that these two methods
impedance cardiography and radionuclide ventriculography are not interchangeable.
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Generalized Linear Mixed Models (GLMM)

[ Model

Fyisloi, vig) = efﬂp(WZ(%d);)(m-Fc(yij,@),

Eyijloi,vig) = g,
g(p) XB+ Ziaa+ Zary.
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Generalized Linear Mixed Models (GLMM)

Model
Fyisloi, vig) = ewp(w + c(yis, ¢)>,
a(¢)
E(yijlai,viz) = g,
g(n) = XB+ Zia+ Zzy.
11
Y12
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Generalized Linear Mixed Models (GLMM)

[ Model
Fyisloi, vig) = €$p<WZ(%¢;)(W+C(yij,¢)>,
E(yijlai,viz) = g,
g(m) = XB+ Zia+ Zyy.

» [t is known that
b(ri;) = BElyijloa, vi) = pas,
var(yijlas, i) = a(@)v(py),
where v(-) is the variance function for p.

> Assuming the linear predictor n = X8 + Z1a + Zs~, and the inverse link
function h(-) = g~'(-), we have

E(ylo,v) = WMXB+ Zia+ Z27).



There are some well-developed methods to estimate the fixed and
random effects via maximum likelihood (ML) or restricted maximum
likelihood (REML) approach.

o Penalized quasi-likelihood (Breslow and Clayton, 1993);
(R: glmmPQL)

Laplace approximation (Lin and Breslow, 1996);

(R library: Ime4, Imeda)
Pseudo likelihood (Wolfinger, 1993);

Gauss-Hermite quadrature;
(R library: Ime4, Ime4a)

Markov chain Monte Carlo.
(R library: MCMCglmm)
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Individual Agreement Statistics

For given subject 4, and rater j.

Intra-rater Agreement Statistics

MSDintrali, j = E(yijt — yisv)*
= [E(yijl) - E(yijl’)]2 +var(yi) +var(yijir) — 2cov(Yiji, Yigir)
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Individual Agreement Statistics

For given subject 4, and rater j.

Intra-rater Agreement Statistics
cov(Yiji, Yijir) = var(pij)
MSDintrali, j = E(yiji — yijir)*

2
= [E(yiz) — E(yizir)]” +var(yiji)+var(yie ) —2cov(yiji, yijir)

var(yiz) = var(E(yijilpig)) + E(var(yii|pig)) = var(pa;) + E(a(@)v(piz))
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Individual Agreement Statistics

For given subject 4, and rater j.

Intra-rater Agreement Statistics

MSDintrali, j = E(yijt — yisv)*
= [E(yiji1) — E(yijl’)]2 +var(yizi) +var(yiir) — 2cov(yiji, Yijir)
= 2E(a(¢)v(pis))
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Individual Agreement Statistics

For given subject 4, and rater j.

Intra-rater Agreement Statistics

MSDintrali, 7 = 2E(a(¢)v(ﬂij))a
CCChmalinj = CWilvsr)
var(yiji)
_ var(pij)
var(pij) + E(a(o)v(piz))’
Pintra ‘7:7 j = Ufl?"(/h’j)

var(pij) + E(a(e)v(pi;))’

Xa,intra‘ivj = 1.
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Individual Agreement Statistics

Similarly, we have

var(gij-) = var(E(Gi - lpig)) + E(var(Fij - |pis))
= vaT(lh'j) + 7E(a(¢3::('uij))
cov(Fij - Gijr-) = cov(E(Fij- |piz), E(Gajr - |pigr))
= cov(piz, pijr)

cov(Yiji, Yijrr) = cov(E(Gijilpig), E(Gigrv i)
= cov(pij, tij’)
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Individual Agreement Statistics

For given subject 4, and any two raters j and j', 7,5 ' =1,2,...,k,j # 7.

Inter-rater Agreement Statistics
)4 E(a(¢)v(pij))

MSDinterli, .5 = [E(pij) — E(Nij’)]Q +var(p;
m

)+ E(“(‘ﬁ)rz(ﬂij' ))

+var(p; — 2cov(pij, psjr ),

Cccinter|i7j7j, =
2cov(pig, pijr)
[E(niy) — Bpig)]” +var(us) + 5 E(a(@)v(uiy)) +var(pi) + 5 B(al@)v(ui;)

Ly Cov(l"ijvﬂij’)
Pinter|17]7] = )

Vvar(ug) + 5 B(a(@)v(iy) /var (uiy) + 5 B(a(@)v (i)

CCCinter“:j:jl
pinterli; 7,3

..y
Xa,inter|%]v] =




Assessment of Agreement | Agreement for Generalized Linear Mixed Models | Statistics and Estimations

Individual Agreement Statistics

For given subject 1,

and any two raters j and 5, 5,5 ' =1,2,...,k,j # 7.

MSDtOtal“vjﬂjl

Ccctotalﬁvjvjl

Total-rater Agreement Statistics

= [B(uij) — E(uij))” +var(ui;) + E(a(é)v(uij))
Fvar(pjr) + E(a(@)v(pijr)) — 2c00(pig, pijr),

2cov(pij, pijr)

[E(pi;) — By

Ptotal|i:j:jl

.y
Xa,tota||z7j7]

)] + var(uig) + E(a(@)v(uig)) +var(uij) + E(a(@)v(pg))
cov(iz, i)
VJoar(uis) + B(a(@)o(uig)fvar (i) + E(a(@)o(uig))

CCCtotaI ‘i» Js j/
Ptotal|i,j7 j/

)




All the agreement statistics are functions of
o E(piz),
o war(pi;) = B(ui;) — E(pi)*,

o cov(pij, pijr) = E(pipig) — E(piz)E(pizr),
o E(a(o)v(pij))-
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Dispersion Parameters and Variance Functions

List of Dispersion Parameters and Variance Functions for Selected Distributions

Distribution a(p)  wv(p)
Gaussian(p,02) o? 1
Gamma(y, ¢) ) p?
Binomial(p, N) 1 w(l—p)/N
Poisson() 1 w

Negative Binomial(r,p) 1 A+ i
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Dispersion Parameters and Variance Functions

V List of Dispersion Parameters and Variance Functions for Selected Distributions
Distribution a(p)  wv(p)
Gaussian(p,02) o? 1
Gamma(u, ¢) ¢ p?
Binomial(p, V) 1 w(l —p)/N
Poisson() 1 o
Negative Binomial(r,p) 1 pAt plr

B All we need are E(u;5), E(ufj) and E(p; i ).

pij = g~ N (XiiB + i + vij)
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Link Functions

'List of the Canonical Links for Selected Distributions

Distribution Canonical Link Inverse of Canonical Link
Gaussian(p,02) U n

Gamma(u, ¢) 1/p 1/n

Binomial(p, N) /(L= ) eap(n)/(L+ exp(n)
Poisson( 1) In(u) exp(n)

Negative Binomial(r,p) —in(r/u+1) r/(exp(—n) —1)




Assessment of Agreement | Agreement for Generalized Linear Mixed Models | Statistics and Estimations

Link Function

> For natural log link, the expressions for E(u;), E(u3;), and E(puijpuij)
are easy to find.
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Link Function

> For natural log link, the expressions for E(u;), E(u3;), and E(puijpuij)
are easy to find.

E(pi;) = E(exp(Xi;B+ i +7ij))
= exp(Xi;B)E(exp(as))E(exp(vi;))

= exp(Xi;B)Ma(1)M(1)

o where M;(-) is the moment generation function for variable { at -



If a ~ N(O, 0'(2‘( 'In.)y Yy NN(OJT-?, . [nxk)

ai —l—ag
2

E(ui;) = ewP(Xijﬁ)eﬂcp<

E(u;) = exp(2Xi;B + 205 + 207)

Elpijpiy) = exp(Xi;B+ Xy B+ 200 + 02)
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Link Function

> For other links, like logit, square root or inverse links, we use the
adaptive numerical integration algorithm [3] to calculate the E(u;;),
E(,ufj) and E(p;; ;) directly for all the link functions.

[3] J. Berntsen, T.O. Espelid, and A. Genz, An adaptive algorithm for the approximate
calculation of multiple integrals, ACM Transactions on Mathematical Software (TOMS),
17(4):437—451, 1991.
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Confidence Intervals

» The asymptotic behavior of the variance components estimates from
GLMM is problematic.

B Douglas M. Bates [2]:
“The sampling distribution of variance estimates is in general strongly
asymmetric, the standard error may be a poor characterization of the

uncertainty.”

[2] Douglas Bates, Ime4: Mixed-effects modeling with R, Unpublished Book, 2010.
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Confidence Intervals

» The asymptotic behavior of the variance components estimates from
GLMM is problematic.

B Douglas M. Bates [2]:
“The sampling distribution of variance estimates is in general strongly
asymmetric, the standard error may be a poor characterization of the

uncertainty.”

> 05% percentile interval is used based on parametric bootstrap.

[2] Douglas Bates, Ime4: Mixed-effects modeling with R, Unpublished Book, 2010.
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Simulation
Compare with Lin's Unified Approach

> The unified approach proposed by Lin, et al. [8] can also be used in categorical case.

Unlike our generalized linear mixed model, the unified approach does not require any
model assumptions.

It uses analysis of variances (ANOVA) technique to estimate all the variance
components, and calculates the CCC using linear additive model.

[8] L. Lin, A.S. Hedayat, and W. Wu, A unified approach for assessing agreement for

continuous and categorical data, Journal of biopharmaceutical statistics, 17(4):629, 2007.
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Simulation
Compare with Lin's Unified Approach

> The unified approach proposed by Lin, et al. [8] can also be used in categorical case.

» Unlike our generalized linear mixed model, the unified approach does not require any
model assumptions.

> It uses analysis of variances (ANOVA) technique to estimate all the variance
components, and calculates the CCC using linear additive model.

CCC for Negative Binomial Distribution with Log Link for 1000 runs

GLMM Approach Unified Approach
TRUE Mean (EST) STD(EST) Mean (EST) STD(EST)
Intra-CCC 0.853 0.832 0.012 0.820 0.035
Inter-CCC 0.618 0.616 0.075 0.521 0.050
Total-CCC 0.573 0.570 0.024 0.476 0.046

[8] L. Lin, A.S. Hedayat, and W. Wu, A unified approach for assessing agreement for

continuous and categorical data, Journal of biopharmaceutical statistics, 17(4):629, 2007.




Antihypertensive Patch Dataset

o This dataset is an example given by the FDA (http://www.fda.gov/Drugs/
ScienceResearch/ResearchAreas/Biostatistics/ucm081434.htm) and

had been used in [6] for the population and individual bioequivalence.

[6] D. Hauschke, V. Steinijans, and |. Pigeot, Bioequivalence studies in drug
development: methods and applications, volume 47, John Wiley & Sons Inc, 2007.


http://www.fda.gov/Drugs/ScienceResearch/ResearchAreas/Biostatistics/ucm081434.htm
http://www.fda.gov/Drugs/ScienceResearch/ResearchAreas/Biostatistics/ucm081434.htm
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Antihypertensive Patch Dataset

o This dataset is an example given by the FDA (http://www.fda.gov/Drugs/
ScienceResearch/ResearchAreas/Biostatistics/ucm081434.htm) and

had been used in [6] for the population and individual bioequivalence.

o AUC values are studied from that dataset, which was collected by a
four-period, two-sequence crossover trial to a total of 37 subjects.

Summary of the Crossover Design

Sequence Number of Subjects Period
1 18 TRRT
2 19 RTTR

[6] D. Hauschke, V. Steinijans, and |. Pigeot, Bioequivalence studies in drug
development: methods and applications, volume 47, John Wiley & Sons Inc, 2007.


http://www.fda.gov/Drugs/ScienceResearch/ResearchAreas/Biostatistics/ucm081434.htm
http://www.fda.gov/Drugs/ScienceResearch/ResearchAreas/Biostatistics/ucm081434.htm
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Antihypertensive Patch Dataset

o This dataset is an example given by the FDA (http://www.fda.gov/Drugs/
ScienceResearch/ResearchAreas/Biostatistics/ucm081434.htm) and

had been used in [6] for the population and individual bioequivalence.

o AUC values are studied from that dataset, which was collected by a
four-period, two-sequence crossover trial to a total of 37 subjects.

Summary of the Crossover Design

Sequence Number of Subjects Period
1 18 TRRT
2 19 RTTR

o AUC values are assumed to have Log-Gamma distribution.

[6] D. Hauschke, V. Steinijans, and |. Pigeot, Bioequivalence studies in drug
development: methods and applications, volume 47, John Wiley & Sons Inc, 2007.


http://www.fda.gov/Drugs/ScienceResearch/ResearchAreas/Biostatistics/ucm081434.htm
http://www.fda.gov/Drugs/ScienceResearch/ResearchAreas/Biostatistics/ucm081434.htm
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Antihypertensive Patch Dataset

Using GLMM with Gamma distribution family and log link function. Assume the

linear predictor,
Nijt = p+ B + 8i + 1+ piji—1 + & + Vij
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Antihypertensive Patch Dataset

Using GLMM with Gamma distribution family and log link function. Assume the
linear predictor,
Nijt = p+ B + 8i + 1+ piji—1 + & + Vij
> The subscript i is the index of subjects, j is the index of formulations (T/R),

and [ is the index of periods.

> (1 is the overall mean, f3; is the fixed formulation effects, s; is the fixed
sequence effects, p; is the fixed period effects, and p;;—1 is the first order

carryover effect.

> q; is the random subject effect nested in sequences, ~;; is the random

subject-formulation interaction effect.
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Antihypertensive Patch Dataset

Using GLMM with Gamma distribution family and log link function. Assume the
linear predictor,
Nijt = p+ B + 8i + 1+ piji—1 + & + Vij
> The subscript i is the index of subjects, j is the index of formulations (T/R),

and [ is the index of periods.

> (1 is the overall mean, f3; is the fixed formulation effects, s; is the fixed
sequence effects, p; is the fixed period effects, and p;;—1 is the first order

carryover effect.

> q; is the random subject effect nested in sequences, ~;; is the random

subject-formulation interaction effect.

Likelihood ratio tests show that the period effects and carryover effects are not
statistical significant. The linear predictor can be reduced to

Nij = p+ B + si + ai + vij
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Antihypertensive Patch Dataset

Estimated Agreement Statistics for AUC
Est 95% C.I.
Intra  CCC 0.914 (0.861,0.949)
Inter CCC 0.954 (0.925,0.973)
Precision | 0.955 (0.925,0.974)
Accuracy | 0.999 (0.998,1.000)
Total CCC 0.913  (0.859,0.948)
Precision | 0.914  (0.859,0.949)
Accuracy | 0.999 (0.998,1.000)
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Antihypertensive Patch Dataset

Estimated Agreement Statistics for AUC
Est 95% C.I.
Intra  CCC 0.914 (0.861,0.949)
Inter CCC 0.954 (0.925,0.973)
Precision | 0.955 (0.925,0.974)
Accuracy | 0.999 (0.998,1.000)
Total CCC 0.913  (0.859,0.948)
Precision | 0.914  (0.859,0.949)
Accuracy | 0.999 (0.998,1.000)

> All the accuracy coefficients are very close to 1, which indicate no major
location shift for the marginal distributions of reference and test formulations.
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Antihypertensive Patch Dataset

Estimated Agreement Statistics for AUC
Est 95% C.I.
Intra  CCC 0.914 (0.861,0.949)
Inter CCC 0.954 (0.925,0.973)
Precision | 0.955 (0.925,0.974)
Accuracy | 0.999 (0.998,1.000)
Total CCC 0.913  (0.859,0.948)
Precision | 0.914  (0.859,0.949)
Accuracy | 0.999 (0.998,1.000)

> All the accuracy coefficients are very close to 1, which indicate no major
location shift for the marginal distributions of reference and test formulations.

> If an allowance 0.950 is used for CCC, we can see that the inter-CCC is 0.954,
which exceeds the allowance 0.950. Therefore, the agreement between the
reference and test formulations are satisfactory, they can be considered

interchangeable.




Histogram of Selected Agreements for 1000 Bootstrap Simulations
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